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(2.2.15)	The set Q of rational numbers is denumerable.
As Q is the union of Q n R+ and Q n (-R+), it is enough to prove
Q n R+ denumerable. But there is a surjective mapping (m,ri)-*m/n of
the subset of N x N consisting of the pairs such that n ^ 0, onto Q n R+,
hence the result by (1.9.2), (1.9.3), and (1.9.4).
(2.2.16)	Every open interval in R contains an infinite set of rational numbers.
It is enough to prove that ]a, b[ contains one rational number c, for then
]a, c[ contains a rational number, and induction proves the final result.
Let x = b — a>0; by (III) there is an integer n>l/x9 hence l/n<x
by (2.2.13). We can suppose b>0 (otherwise we consider the interval
]—&, ~a[ with — a > 0). By (III) there is an integer k > 0 such that b < k\n\
let h be the smallest integer such that b < hfn. Then (h — l)/n < b; let us show
that (h — !)/«> a; if not, we would have b — a = x^l/n by (2.2.14),
contradicting the definition of n.
(2.2.17)	The set of real numbers is not denumerable.
We argue by contradiction. Suppose we had a bijection n-*xn from
N onto R. We define a subsequence n-*p(n) of integers by induction
in the following way: p(0) = 0, XI) is the smallest value of n such that
xn > x0. Suppose that p(ri) has been defined for n ^ 2m — 1, and that
Xp(2m-2) <xP(2m~i)l then the set ]xp(2w_2), ^(2w-i)t is infinite by (2.2.16),
and we define p(2m) to be the smallest integer k> p(2m — 1) such that
xp(2m~2) <%k< Xp(2m-i)9 then we define p(2m + 1) as the smallest integer
k>p(2m) such that xp(2my < xk <xp(2w-i). It is immediate that the
sequence (p(n)) is strictly increasing, hence p(n) ^ n for all n. On
the other hand, from the construction it follows that the closed interval
[*j,(2m)» *n(2m+i)] is contained in the open interval ]xp(2w_2), ^p(2m~i)[. By
(IV) there is a real number j contained in all closed intervals [xp(2m), #p(2m+i)]
and it cannot coincide with any extremity, since the extremities of an interval
do not belong to the next one. Let q be the integer such that y = jc4, and let n
be the largest integer such that p(n) < q, hence q<p(n +1). Suppose first
n = 2m; then, the relation xp(2m)<x(l<xp(2m^l}<xp(2m^l') contradicts
the definition of p(2m -f-1). If on the contrary n ~ 2m — 1, then the relation
*P(2m~2) <*p(2m)<xq < Xp(2m~\) contradicts the definition of p(2m). This
ends the proof.

